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Constraints for uniqueness

Let X be a matrix

Definition: a deterministic condition of X is a particular matrix property which is
always true.




Deterministic conditions

m Statistical independence — Independent Component Analysis;
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Constraints for uniqueness

Let X be a matrix

Definition: a generic condition of X depends on a parameter z € € and holds almost
everywhere, i.e., if X is the set of z values for which the condition doesn't hold, then
1(X) = 0 where p is a measure absolute continuous w.r.t. the Lebesgue one.



Problem statement
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X = Z m(z) ® s,(z) = Z m,(z) ® s,(&r)
r=1 r=1

where
m z € Q asubset of R";
m m,(z) are linearly independent;
m each s,(z) depends on ¢ independent parameters, entries of £, € RY;
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Problem statement

——) [T — |
S1 SR
X = SFoooF
m; mg
R R
X=Y mi(z)®s,(&) =Y m(z) ®s(&)
r=1 r=1

where
m z € Q asubset of R";
m m,(z) are linearly independent;
m each s,(z) depends on ¢ independent parameters, entries of £, € RY;
m each s,(&,) has the structure

s(€) = [Bof(e) ... BLof(&)]

with pp, gn polynomials and f = [f1,. .., f;] a vectorial function.
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Given the observed mixtures, we assume that
m the mixture matrix M is constant and full rank;

m the source signals can be modeled by rational functions, i.e., the columns of S are

sampled of

ao + ait +--- + aptP :
s(t) = th aj, b R, t € [tp,te];
() b0+b1t++bqtq Wi ! 1 [b 6]

N

m{=[ap,...,ap, bo,...,bg] ml=p+qg+2 m f is the identity
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A cookbook recipe for generic uniqueness [Domanov and De Lathauwer 2016]

Let t(x) = [2(x) ... 24(x)] T forxc@={xeCl: q(x)--qun(x) £ 0}, if

1. rankM(z) = R for a generic choice of z;

2. each f, is the ratio of two analytical functions on C¥;

3. there exists & € C* s.t. detJ(f, &) # 0;

4. the dimension of the span of t(x) for x € © is at least A;
5. rankJ(t,x) > ¢ for a generic choice of z;

6. R< N — ?;

R
X =Y m(2) ®s(&)
r=1

is generically unique.
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Remarks for BSS
It is assumed that the columns of S are values of the rational function

toxo [200 %(x)}T.

Composed with the function f
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Remarks for BSS
It is assumed that the columns of S are values of the rational function

-
t:x— {%(x) Z—x(x)} .

The columns of S belong to an algebraic variety V which is described by a finite

system of polynomials {Py}K_,

V= {(21,...,ZN) eCV. P(z1,- .-, 2n) :0}'

Composed with the function f
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Link with the CPD
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Link with the CPD
if ¥ =a1 b1 ®c1+...+ar ®brRcr

/" ya
:bll | :le

ai ar

then XB) = (a; ®x b)) ® ¢/ + ...+ (agr @k br) ® ch

] ]
C1 CRr
X(3) = deooodt
a; ®x by ar ®x br
(a, @ b,) €V = {vec(Z) | F F| 0}
Zirji  Zirjp
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Algebraic algorithm: high view
Let X be a (/ x J x R) tensor, then
R

X® =3 "(a, @cb,)®c] = (A®B)CT.
r=1
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Algebraic algorithm: high view
Let X be a (/ x J x R) tensor, then

R

X® =3 "(a, @cb,)®c] = (A®B)CT.
r=1

— (xB©T
If X = (X ) , then
_ T
X = c (A®B)
w_/
Known Unknown Unknown

compute C~! from X;

compute (A ® B) as the transposed product of C1X;

factorize (A ® B) = [a; ®« by, ..., ar ®x bg]| to recover A and B;
compute C by solving (A ® B)C = X.

B COlNDN
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Equivalent condition |
c is a column of C~1 if and only if X' c is equal to a column of (A ® B)
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Equivalent condition |

c is a column of C~1 if and only if X' c is equal to a column of (A ® B)

<

XTc=(x{c,...,xfc) = (z1,...,28) €V

¢

Pu(x{c,...,xfc)=0fork=1,....K

¢

PO(x{,....x{)(c® - ®c)=0fork=1,...,K

where P2(x{,...,xJ) is the vector obtained by formal substitution of (zi,...

xlT, ... ,x,7\; and the scalar multiplication by the tensor product.

,Zn) by
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Equivalent condition Il
c is a column of C~1 if and only if X7 c is equal to a column of A® B

<

PO(x{,....x{)(c® --®c)=0fork=1,..., K

¢

PE(x{,....x})
Quec(c®9) = : vec(c®---®c) =0
PI%(XI?"'?X;\I—)

¢

The columns of C~! belong to the intersection of Q kernel and vec(Symp) the
subspace of vectorized order N symmetric tensors, i.e.,

c € null(Q) N vec(Sym%).
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Algebraic algorithm outline

X
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Algebraic algorithm outline

X = FC (AoB)"
w_/
Known Unknown Unknown

1. compute the factor matrix C~! from X;
1.1 compute Q;
1.2 compute the space & = null(Q) N vec(Sym%)
1.2.1 if dim & = R, then compute C by a CPD of {ci@d, .. ,,cgd} basis of &;
1.2.2 if dim & > R, then compute k41 such that

Enr1 = (K ® &) N vec(Sym&™)
until dim Epyy = R"™1 and go to step 1.2.1;
2. compute (A ® B) as C—1X transposed;
factorize each column of (A ® B) at rank-1 to retrieve A and B by SVD;
4. compute C solving (A ® B)"C = X.
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Numerical and computational obstacles

m Computational complexity: large and structured objects;
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Numerical and computational obstacles

m Computational complexity: large and structured objects;
m NP-hardness;

m Numerical conditioning and stability;

e

Work in progress

Advice is welcome!
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Q for CPD [Domanov and De Lathauwer 2013]
Let X be an order-3 tensor of dimension (/ x J x R), then

X
4

J

Definition: Q is a C?C? x C3,, matrix whose k-th column can be written as
Q(; k) = vec(Cao(Xpy + X)) — Ca(Xg,) — Cao(Xs,))
where
m (ki, ko) is the k-th element of Q% = {(ki, ko) : 1 < ky < ko < R};

] C,%, is the binomial of N over 2;
m Co(Xp) is the matrix with the determinants of every 2 x 2 minors of Xp.
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Let X be an order-3 tensor of dimension (/ x 3 x 2) such that

X1 = {al arz 33} and X2 = [bl b2 b3].
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Let X be an order-3 tensor of dimension (/ x 3 x 2) such that
X1 = {al arz 33} and X2 = [bl b2 b3}.
The matrix Q = {ql qo qg] associated with X slices is such that
Hq; = vec(Cg(Xl 4F Xl) = C2(X1) = CQ(Xl)) = 2V€C(C2(X1));

m g = vec(Co(Xy1 + X2) — Co(X1) — Co(X2));
m Q3 = VeC(CQ(Xg aF X2) = C2(X2) = C2(X2)) = 2vec(C2(X2)).
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Example

Let X be an order-3 tensor of dimension (/ x 3 x 2) such that

X1 = {al arz 33} and X2 = [bl b2 b3}.

The matrix Q = {ql qo qg] associated with X slices is such that
H g = VeC(C2(X]_ 4F Xl) — Cz(Xl) — CQ(Xl)) = 2V€C(C2(X1));
m g2 = vec(Ca(X1 + X2) — C2(X1) — C2(X2));
H Q3 = VeC(CQ(Xg aF X2) = C2(X2) = C2(X2)) = 2V€C(C2(X2)).

The compound matrices are
| CQ(Xl) = {Otl (8%) 043}
m Oo(X2) = [ﬂl B2 ,33]

m Cr(X; + X2) = [’71 2 ‘73}
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Example

Let X be an order-3 tensor of dimension (/ x 3 x 2) such that

X1 = {al arz 33} and X2 = [bl b2 b3}.

The matrix Q = {ql qo qg] associated with X slices is such that
H g = VeC(C2(X]_ 4F Xl) — Cz(Xl) — CQ(Xl)) = 2V€C(C2(X1));
m g2 = vec(Ca(X1 + X2) — C2(X1) — C2(X2));
H Q3 = VeC(CQ(Xg aF X2) = C2(X2) = C2(X2)) = 2V€C(C2(X2)).

The compound matrices are

m C(X;1) = {a1 s oz3} 21 71— (01 +B1) 261
m Oo(X2) = {ﬂl B2 ,33} > Q= |20 72— Eaz + 52; 283,

23 73 — (a3 +B3) 28
m Co(X1 + Xz) = [71 V2 ‘73} P P ’
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Possible choices

m Ignore structure and compute Q by its definition;
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Possible choices

m Ignore structure and compute Q by its definition;
m Use structure and compute Q' Q;

m Use structure and compute Q;

All options present limitations!
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Computational complexity
Let X be a (/ x J x R) tensor of rank R

Direct construction: the matrix Q has size (C?C3 x C3_,)

28



Computational complexity
Let X be a (/ x J x R) tensor of rank R
Direct construction: the matrix Q has size (C?C3 x C3_,)

m each entry requires two multiplications;

28



Computational complexity
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Direct construction: the matrix Q has size (C?C3 x C3_,)

m each entry requires two multiplications;
m the total number of entries is (IJR(/ —1)(J — 1)(R + 1))/8;
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Computational complexity
Let X be a (/ x J x R) tensor of rank R
Direct construction: the matrix Q has size (C?C3 x C3_,)

m each entry requires two multiplications;
m the total number of entries is (IJR(/ —1)(J — 1)(R + 1))/8;

assuming that R ~ /J, then the computational complexity is R*/4.
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Structure highlight

Let X be an order-3 tensor of dimension (/ x 3 x 2) such that
Xi=|a a as] and  Xo=|bi by bs.
The matrix Q is
2a; 71— (1 +B1) 261

Q=200 72— (2 +B2) 2B
23 v3— (a3 +PB3) 263

T twice with opposite sign
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Structure highlight

Let X be an order-3 tensor of dimension (/ x 3 x 2) such that
X1 = {al ar 33} and X2 = [bl b2 b3] .

The matrix Q is
21 v — (1 +B1) 261
Q= |20 72— (2 +f2) 2B
203 vz — (03 + B3) 2f3
We can remark that
m the entries of appearsT in a1a2T — agai’—
m the entries of 81 appears' in blbé’- — b2b1T

m the entries of 41 — (a1 + B1) appears' in ajb] + bja] —bJa; — axb/

T twice with opposite sign
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Exterior algebra and C,
Definition: The exterior product A : R! x RY — R/*J is defined as

aAb=ab’” —ba’.
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Exterior algebra and C
Definition: The exterior product A : R! x RY — R/*J is defined as

aAb=ab’ —ba’.

Leta’ = [a b c} and b’ = [d e f} be two vectors, then

0 ae—bd af —cd
aAb= |—ae+ bd 0 bf — ce
—af +cd —bf + ce 0

The matrix a A b has the properties:
m the diagonal entries are zeros;
m it is skew-symmetric;

m the elements highlighted are the entries of Ca2([a  b]).
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Gram matrix formulation
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= 4/la||?||b|[* - (a,b)?
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Computational complexity
Let X be a (/ x J x R) tensor of rank R
Direct construction: the matrix Q has size (C?C3 x C3_,)

m each entry requires two multiplications;
m the total number of entries is (IJR(/ —1)(J — 1)(R + 1))/8;

assuming that R ~ /J, then the computational complexity is R*/4.

Gram construction: the matrix Q" Q has size (C3,; x C3, )
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Numerical evidences
Given an input random tensor X of dimensions (/ x | x R) such that its rank is

R=(I-1)
. Q T
= det recursive Q'Q
(11,11,100) | 1.364e+01 | 1.556e+00 | 7.373e-01
(12,12,121) | 2.876e+01 | 3.613e+00 | 1.621e+00
(13,13,144) | 5.814e+01 | 6.353e+00 | 3.477e+00
(14,14,169) | 1.071e+02 | 1.130e+01 | 6.928e+00
(15,15,196) | 1.937e+02 | 1.956e+01 | 8.954e+01
(16,16,225) | 3.298e+02 | 3.291e+01 | 9.325e+02

Table: Time estimates in seconds for computing Q and its Gram matrix.

The link between rank and dimensions is meant to satisfy [Domanov and De Lathauwer 2016] theorem.
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Possible new direction

Combining the two approaches

constructing Q benefiting from Q structure

<

develop’ a more convenient matrix-vector product, using Q structure.

t possibly based on the exterior product
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Intersection shrinking

Once Q T is computed, the intersection subspace
Eo = null(Q) N vec(Symp)

has to be computed, cheking its dimension:
m if dim & = R, then the algorithm proceed;
m if dim & > R, then the intersection is shrinked, computing £,+1 such that

Eprl = (KR (29 5},) N vec(Syngrh)

until dim &y 1 = R"1 and then proceed.

or its Gram matrix Q7 Q.
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> @ =

the (M x N) is matrix whose kernel is needed with M = C?C5 and N = C3 4

compute the SVD as Q = uxv’:
define m € N such that o, is the last singular value larger than (¢ max{M, N});
define the basis of null(Q) as Fo = [Vm+1,- .., Vn] with vy the /-th column of V

define the basis of the intersection subspace
& = null(Q) N vec(Symp)

as Eg = GoFo where the matrix Gg has size (R? x N) and comes from the
symmetrization of the canonical basis of order-2 tensors of size (R x R);
compute R the dimension of the intersection as R = N — m

5.1 if IE'\’ is equal to R, then reshape Eg as a (R x R x R) and compute its CPD;
5.2 if R is not equal to R, then shrink the intersection until R = R*!.
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Eny1 basis
If the matrix Eq of size (R? x IA?) span the intersection subspace & with R > R
until R is equal to Rf*!, set h = 0 and repeat
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If the matrix Eq of size (R? x IA?) span the intersection subspace & with R > R
until R is equal to Rf*!, set h = 0 and repeat

1. compute Fp41 the basis of
Fri1 =KR® &,

by a Kronecker product between the identity of order R and Ej the basis of &;
2. compute Ep 1 the basis of

gh+1 = .7:[,+1 N vec(Sym%’+1)+2)

by symmetrizing the columns of Fj,1;
3. orthogonalize Epy1;

4. check how many of Ex11 columns satisfy the symmetric conditions, updating R.
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Possible tool

Currently to avoid forming Fp11 and the symmetrizer matrix Gp41

1. compute Cpy1 matrix of size (Rf\’ X Cfgi%+h) carrying their product information;
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Possible tool

Currently to avoid forming Fp11 and the symmetrizer matrix Gp41
1. compute Cpy1 matrix of size (Rf\’ X C,gi§+h) carrying their product information;
2. orthogonalize Cp.1;
3. use Cpyq as projector to obtain Ep,1;

and this steps are repeated until Rf*! and R coincide.

<

Study theoretically the enlargement-shrinking process to estimate m a priori and
orthogonalize just once'

or design an heuristic method
39
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Auxiliary CPD: current state

Let Epy1 the basis of £, has size (R x R), then

1.

CL R CORIIND

reshape Ej; 1 as a (R x R?) matrix;

compute R the R factor from the QR-factorization of Exiq;
truncate R to size (R x R?) matrix;

reshape R as a tensor R of size (R x R x R);

compute the CPD of R getting the factor C of size (R x R).
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Possible tool

m currently use Jenrich's algorithm, based on GEVD';
m use an optimization based CPD algorithm;

m use an Generalized EigenSpace based CPD algorithm Evert E. 2020;

m try to preserve (partially)-symmetric properties and tune CPD algorithm.

t problematic numerical stability Beltran, Breiding, et al. 2019.
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m outlined a CPD algebraic algorithm;
m designed a first implementation;
Work in progress
m using matrix structure in the computation of Q;

m exterior algebra could be a tool
m Gram matrix doesn't seem to be beneficial

m estimate the order of the symmetric tensor to product an auxiliary tensor of
proper size;

m using the (partially)-symmetric structure into CPD of the auxiliary tensor.
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Thank you for the attention!
Questions? Advice?
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