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Different disciplines as physics, computer science, chemistry... relay

on numerical simulations to study

e Stochastic equations

Uncertainty quantification
problems

Quantum and vibration
chemistry

Optimization

Machine learning
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Different disciplines as physics, computer science, chemistry... relay
on numerical simulations to study

e Stochastic equations
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+ Better representation of structured problems and data
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+ Better representation of structured problems and data

- Curse of dimensionality
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+ Better representation of structured problems and data

Curse of dimensionality

Over the years different approximation techniques were proposed

Canonical Polyadic
Tucker

Hierarchical Tucker

Z_ iz _ Gu.z.w

Tensor-Train i B | |

Figure: from [Bi et al. 2022] i Ii
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+ Better representation of structured problems and data

- Curse of dimensionality
Over the years different approximation techniques were proposed
e Canonical Polyadic

Tucker - T
Hierarchical Tucker .
Tensor-Train ' |

Figure: from [Bi et al. 2022] i i
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These approximation techniques introduce compression errors, so
what are their effects inside classical algorithms?

rd
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What are the effects of tensor representation and
compression inside classical algorithms?

rd
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What are the effects of tensor representation and
compression inside classical algorithms?

N ical i leeb e How to solve a high dimensional
umercal linear algebra linear system of equations,

represented by low rank tensors?

‘ )
“ e How to construct an orthogonal
basis of a tensor subspace?
e What is the effect of tensor
compression on the final solution?

rd
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What are the effects of tensor representation and

compression inside classical algorithms?

N ical li leeb e How to solve a high dimensional
umercal linear algebra linear system of equations,

represented by low rank tensors?

\ )
» e How to construct an orthogonal
basis of a tensor subspace?
e What is the effect of tensor
compression on the final solution?

e How to relate and interpret
point clouds from tensor Data analysis
data? I S i

e Is it mathematically
meaningful to visualize
simultaneously more than
two point clouds?
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Numerical linear algebra

e The variable accuracy approach
e Generalized Minimal RESidual (GMRES)

> numerical results in matrix computation
> numerical results in Tensor-Train (TT)
format

e Orthogonalization kernels

> TT-algorithms
> numerical loss of orthogonality in TT-format
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Mathematical world
e m = 3.1415926535897932384626433...

Computer world
>>> m = 3.141592653589793
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Mathematical world
e 7 = 3.1415926535897932384626433...
e x=0.1and y=0.2, then x4+y =10.3
Computer world
>>> m = 3.141592653589793
>>> X =0.1andy = 0.2, then x+ty = 0.30000000000000004

rd
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Denoting by u the unit roundoff of the working precision

Standard IEEE model [Higham 2002]

fi(x) = x(1+¢) [storage perturbation]
fl(xopy) = (xopy)(1+e¢) [computational perturbation]

with €] < u, [e| < wuand op € {+,—, x,+}.

rd
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Denoting by u the unit roundoff of the working precision

Standard IEEE model [Higham 2002]

fl(x) =x(1+¢) [storage perturbation]
fl(xopy) = (xopy)(1+e¢) [computational perturbation]

with |{| < u, [e] <wand op € {+,—, x,+}.

Example

Assuming to work in floating point 64, with ugs = 10716
= 3.141592653589793 = 7(1 + &) with [£| < uea
=0.1and y =0.2, then

Al

ol

X + y = 0.30000000000000004 = (0.2 4 0.1)(1 + ¢)

with |e] < uea

rd
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The storage precision and the computational one are decoupled

rd
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The storage precision and the computational one are decoupled

d-componentwise storage Standard IEEE model [Higham 2002]
d-storage(x) = x(1 + &) fl(xopy) = (xopy)(l+e)
with [¢] < 0 with § the storage with |e| < u with u the computation

precision. precision.

rd
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The storage precision and the computational one are decoupled

d-componentwise storage Standard IEEE model [Higham 2002]
d-storage(x) = x(1 + &) fl(xopy) = (xopy)(l+e)
with [¢] < & with 0 the storage with |¢| < u with u the computation
precision. precision.

0-storage

fls(x op y) = &-storage(fl(xopy)) = (xopy)(1 + e + &)
with |e] < w, [€§] < d and op € {+, —, x,<}.

rd
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Iterative solver

e Generalized Minimal '
RESidual (GMRES) 6x, _'2x3 + x, =

in matrix and tensor format 2y — 3x, =18

rd
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To solve Ax = b with initial guess xop = 0, at the k-th iteration
GMRES minimizes the norm of residual

rl= min Ax — b
Irdl = _min |lAx— b]

in the Krylov space Ky(A, b) = span{b, Ab,..., Ak"1p}

rd
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To solve Ax = b with initial guess xop = 0, at the k-th iteration
GMRES minimizes the norm of residual

rl= min Ax — b
Irdl = _min |lAx— b]

in the Krylov space Ky(A, b) = span{b, Ab,..., Ak"1p}
Practically, let Vi = [v1,..., vk] such that

’Ck(A’ b) = Span{V]_, sy Vk}

thanks to the Arnoldi relation

AV = Vi He  with VL Vi =i

rd
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To solve Ax = b with initial guess xop = 0, at the k-th iteration
GMRES minimizes the norm of residual

rl= min Ax — b
Irdl = _min |lAx— b]

in the Krylov space Ky(A, b) = span{b, Ab,..., Ak"1p}
Practically, let Vi = [v1,..., vk] such that

’Ck(A’ b) = Span{V]_, sy Vk}

thanks to the Arnoldi relation

AV = Vi He  with VL Vi =i

Commonly Householder or Modified Gram-Schmidt algorithms are
used to construct Vi

rd
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Given the linear system Ax = b and a working precision u, then

data solution
space exact space
(A, b) *x

rd
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Given the linear system Ax = b and a working precision u, then

data solution
space exact space
'

rd
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Given the linear system Ax = b and a working precision u, then

data solution
space exact space

rd
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Given the linear system Ax = b and a working precision u, then

data solution
space exact space

9%

|

; forward
' error

<V
.Xk
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Given the linear system Ax = b and a working precision u, then

data solution
space exact space

exact
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Given the linear system Ax = b and a working precision u, then

data solution
space exact space
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Given the linear system Ax = b and a working precision u, then

data solution
space exact space

exact

If the backward error

_ lAw—b]
[[A[[[xi|[ + [15]]

than the algorithm is backward stable

nA,b(Xk)
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Denoting by u the unit roundoff of the working precision for
solving the linear system

Ax=0b

then in [Drkosova, Greenbaum, Rozloznik, and Strako$ 1995] and
in [Paige, Rozloznik, and Strakos 2006, it is proved that

nab(xx) = O(uv)

rd

7
11/42 — Numerical linear algebra and data analysis in tensor format — M. lannacito &ZW



Denoting by u the unit roundoff of the working precision for
solving the linear system

Ax=0b

then in [Drkosova, Greenbaum, Rozloznik, and Strako$ 1995] and
in [Paige, Rozloznik, and Strakos 2006, it is proved that

nab(xx) = O(u)
H]Ik — VkT VanA,b(xk) = O(uv)

rd
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Denoting by u the unit roundoff of the working precision for
solving the linear system

Ax=0b

then in [Drkosova, Greenbaum, Rozloznik, and Strako$ 1995] and
in [Paige, Rozloznik, and Strakos 2006, it is proved that

nab(xx) = O(uv)

H]Ik — VkT VanA,b(xk) = O(uv)

So, the backward error 14 p, is suggested as stopping criterion for
GMRES

rd
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Denoting by u the unit roundoff of the working precision for
solving the linear system

Ax=0b

then in [Drkosova, Greenbaum, Rozloznik, and Strako$ 1995] and
in [Paige, Rozloznik, and Strakos 2006, it is proved that

nab(xx) = O(uv)

H]Ik — VkT Vk”"?A,b(xk) = O(uv)

So, the backward error 14 p, is suggested as stopping criterion for
GMRES

For MGS-GMRES the backward stability holds if k € N is such that

4
/i',( Vk+1) > §

rd
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32bit floating point arithmetic

100 - —— MGS-GMRES
—— H-GMRES
=== Namb Il = VTV
1072 ~ i
Q
§ 10—4 -
<
1076
10—3 - - ,«;~_.,_,..._r—_——_—a-._.{____________________________________::.)‘ﬁ ..... -
1
T T T T T T T T T
0 5 10 15 20 25 30 35 40
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d-componentwise storage

Any vector z € R" is replaced by Z € R" such that

fl(z(i)) = z(i)

fp32 computation

6 =0.0001
100 —— MGS-GMRES
~—— H-GMRES
—_ =V
1041 Namb" | (3
1072

°
=N

such that

2() = 2()] _

— <9

|2(7)]

fp64 computation

6 =0.0001

—— MGS-GMRES
—— H-GMRES
— Nawp 1= VIVIF

A Aox

R sab o
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d-componentwise storage
Any vector z € R" is replaced by Z € R" such that

fl(z(i)) = z(i)

fp32 computation

such that

6 = le-10
100 —— MGS-GMRES
—— H-GMRES
— Namo- Il =V'VIr
1072
L 107
2
S
10-°
S
10-¢ ~
10-10

2() = 2()] _

— <9

|2(7)]

fp64 computation

6 =1le-10
10t
—— MGS-GMRES
101 ~—— H-GMRES
— Nams Il =V'VIe
1073 H
i
i
= 107
: i
< i
1077 i
i
i
. i
107 H
-
1071 4 —
i
T T v u v y v v v T
0 5 10 15 20 25 30 35 40 45

§=10"10
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Length n vectors are stored in compressed format with

d-component storage

2) = 20)] _

2|

[Drkosova, Greenbaum,
Rozloznik, and Strako$ 1995;
Paige, Rozloznik, and Strakos
2006]

do

readily apply
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Length n vectors are stored in compressed format with

d-component storage d-normwise storage

2)=20)] _ 2=zl _,

E4 |lz]|
[Drkosova, Greenbaum, [Drkosova, Greenbaum,
Rozloznik, and Strako$ 1995; Rozloznik, and Strako$ 1995;
Paige, Rozloznik, and Strakos Paige, Rozloznik, and Strakos
2006] 2006]
do do not
readily apply readily apply
lrezia—
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107!

107

101

d-componentwise
6 = 1e-06
—— MGS-GMRES
—— H-GMRES
== Naup W =VVIe

T T T v y y
H 10 15 20 25 30
6 = le-10
\ —— MGS-GMRES
i —— H-GMRES
: - s U=VIVIe
:
i
i
H
i
H
i
i
H
i
H
i
[ —
% =
¥
,,,,,,,,,,,,,,,,,,,, g
H 10 15 20 25 30

d-normwise

5 = 1e-06
\ —— MGS-GMRES
H —— H-GMRES
: - M I=VVI
H
H
i
H
i
H
H
i
H
i
H
R
[ —
,,,,,,,,,, i
i
T T T T y T
H 10 15 20 25 30
5=1e-10
—— MGS-GMRES
—— H-GMRES
== Naus 1 =V'VIe
T T y v v v
H 10 15 20 25 30

The d-componentwise and d-normwise perturbation lead to similar results.
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Practical cases where the variable accuracy approach with
normwise perturbation find an application

e Lossy compressor e Tensor problem

rd
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The problem 1

L(u) =f .|n Q for Q C X, ]Ay
u =fy in 090

discretization

Ax=Db

(i) 2

v

where A : RMXXMd _ RMX"XNd js 3 multilinear operator and
b € R™M**"d 3 tensor.

e Curse of dimensionality e TT-formalism [Oseledets 2011]

rd
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m

scalar vector matrix order 3-tensor

rd

7
18/42 — Numerical linear algebra and data analysis in tensor format — M. lannacito &ZW



m

scalar vector matrix order 3-tensor

The TT-vector x € RM*"*Nd hecomes

fi+1

n rn fi—1 ri fd—1
ny ny ni_1 n; nit1 Nng—1 ng

rd
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m

scalar vector matrix order 3-tensor

The TT-vector x € RM*"*Nd hecomes

Fi+1

n rn fi—1 ri fd—1
n n ni—1 nj Ni+1 Nd—1 ng

The TT-matrix A € R(mxm)=x(ngxmq) hacomes

my mp mj—1 mj miy1 myg—1 mq
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m

scalar vector matrix order 3-tensor

The TT-vector x € RM*"*Nd hecomes

Fi+1

n rn fi—1 ri fd—1
n n ni—1 nj Ni+1 Nd—1 ng

The TT-matrix A € R(mxm)=x(ngxmq) hacomes

my mp mj—1 mj miy1 myg—1 mq

Summation and contraction increase the TT-rank r; values

rd
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m

scalar vector matrix order 3-tensor

The TT-vector x € RM*"*Nd hecomes

Fi+1

n rn fi—1 ri fd—1
n n ni—1 nj Ni+1 Nd—1 ng

The TT-matrix A € R(mxm)=x(ngxmq) hacomes

my mp mj—1 mj miy1 myg—1 mq

Summation and contraction increase the TT-rank r; values
TT-rounding [Oseledets 2011]

rd
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TT-rounding at precision

For every TT-vector
z € RM* XM we compress it
getting Z € RM > "> guch

that B
lz—z _;
2]
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TT-rounding at precision

For every TT-vector
z € RM* XM we compress it
getting Z € RM > "> guch
that

Iz 2|

<.
[zl

Convection-Diffusion problem

—Au+v-Vu =0

U{y=1} =
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TT-rounding at precision

For every TT-vector
z € RM* XM we compress it
getting Z € RM > "> guch
that
Iz 2|
[E4]

<.
Convection-Diffusion problem

—Au+v-Vu =0

ugy—1} =1

Convergence history, N = 64

—— b6=1e3
—e— 6=1e5
107t —e— 6=1e-8

1073

Nam, b

107°

1077

0 20 40 60 80 100
iteration

in  Q=[-1,1}
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Let the parametric convection-diffusion problem be

—aAu+v-Vu =0

Ufy=13 =

in Q=[-1,1]% and o € [1, 10]

Solve independently p tensor
linear systems of order d

Acixa; = by,

Vai € {a1,...,ap}.

rd
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Let the parametric convection-diffusion problem be

—al : =
alAu+v-VYu 0 in Q:[_l,l]dandaG[l,lo]

Ufy=13 =
Solve independently p tensor Solve once the tensor linear
linear systems of order d system Ax = b of order (d + 1)
Aaixa,- - ba,- |:A(’1 ] |:x[01]] ba;
VOéi S {a17 e ,OZp}- Aap x[a,,] bar‘

rd
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Let the parametric convection-diffusion problem be

—aA - =
{ alutv-Vu =0 Q=[-1,1]% and o € [1,10]

Ufy=13 =

Solve independently p tensor Solve once the tensor linear

linear systems of order d system Ax = b of order (d + 1)
Aaixa,- - ba,- |:Af’1 ] |:x[01]:| baf

Vai € {a1,...,ap}. Ay ] [A] (b,

What is the numerical quality of x[®! slice of x solution of the
(d + 1) tensor linear system and by construction the solution of the
problem A, X, = by,?

rd

7
20/42 — Numerical linear algebra and data analysis in tensor format — M. lannacito &ZW



Let the backward error of the (d + 1) system Ax = b be

nAb(X) — ||b — AX|| )
’ [A[[[|x[| + [[b]]

Let A;, b; be the multilinear operator and the right-hand side of

the parametric problem for the parameter value «;, then define
b — Aixl]]

A%+ 1]

77Ai7bi(x[i]) = |

with xUl denotes the i-th slice of x on the parameter mode for
i €{1,...p}. Then we prove that

; Allllx]| + /P
nap(X) pi(x) > na,b, (x1) where pilx) = ”H£||x['|]|H +\/1_'
Creia—
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--+-- all-in-1 scaled by pyo
—&— all-in-1 scaled by ps
10° 4 & *
—— all-in-1 scaled by p
—e— @y =10.0
1014 as = 1.6238
21072 4
s
S
10—3 B
10—4 B
1075 B
T T T u
0 5 10 15 20

iteration

Figure: 4-d Parametric convection diffusion nam,, for and n = 255, bound using
§ =¢=10"" and p = 20 uniformly logarithmically distributed parameter
values o € [1, 10]
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e Backward stability of GMRES holds numerically when data
are stored with

> componentwise perturbations
> normwise perturbations

both have practical implementations

e GMRES in TT-format with TT-rounding seems to be
backward stable

e Parameter dependent TT-problems of order d can be solved
at once through an order (d + 1) problem, guaranteeing
backward stable bounds linking the (d + 1) and d solutions

rd
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Orthogonalization kernels

e Classical and Modified
Gram-Schmidt (CGS, MGS)

: e Gram approach

e Householder transformation

only in tensor format

rd
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1
2
3
4
5
6
7
8

9
10

Q, R = CGS(A, J)

Q, R = MGS(A, )

Input: A=Ja1,...,am], 6 € Ry

fori=1,...,mdo
p=ai
forj=1,...,i—1do
R(i.j) = (ai, q))
p=p—R(i,j)q
end
p = d-storage(p)
R(,1) = [l
g =1/R(i,i)p
end

Output: Q@ =[q1,.--,qm], R

1

0 N O b~ WN

9
10

Input: A=[a1,...,am], 6 € Ry

fori=1,...,mdo
p=ai
forj=1,...,i—1do
R(i,j) = (p, 4j)
p=p—R(i,j)q
end
p = d-storage(p)
R(,1) = [l
g =1/R(i,i)p
end

Output: Q@ =[q1,---,qm], R

rd
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1
2
3
4
5
6
7
8

9
10

Q, R =CGS(A,9) Q, R =MGS(A4,9)
Input: A={aj,...,an}, 0 € Ry Input: A= {a1,...,an}, d € Ry
fori=1,...,mdo 1fori=1,...,mdo
P=aj 2 p=aj
forj=1,...,i—1do 3 forj=1,...,i—1do
R(i,j) = (ai, q;) 4 R(i,j) = (p, a;)
p=p— R(i,j)a; 5 p=p— R(i.j)a;
end 6 end
p = TT-rounding(p, ¢) 7 p = TT-rounding(p, )
R(.i) = [Ipl s | R(,i) = lpl
q; =1/R(i,i)p o | ai=1/R(i,i)p
end 10 end

Output: Q ={qi1,...,qm}, R

Output: Q ={q1,...,q9m}, R

They readily write in TT-format.

rd
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Given a vector x € R" and a direction y € R”, the Householder
reflector H reflects x along vy, i.e.,

Hx =|[x]ly ~ with |ly][=1.

Thanks to its properties, H writes as

2 :
H:]I,,—Wu@)u with u=(x—||x|ly)-
u
The practical implementation of the Householder transformation
kernel uses the components of the input vectors.

The Householder algorithm does not readily apply to tensor in
TT-formats, because of the compressed nature of this format.

rd
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Let Qx = [q1,- -, qk] be the orthogonal basis produced by an
orthogonalization kernel, then the Loss Of Orthogonality is

1k — Qi Qxll-

It measures the quality in terms of orthogonality of the computed
basis. It is linked with the linearly dependency of the input vectors
Ak =[a1, ..., ak|, estimated through x(Ay).

Source Algorithm H]Ik — QE QkH
[Stathopoulos and Wu 2002] Gram O(ur?(Ax))
[Giraud, Langou, and Rozloznik 2005] CGS O(ur?(Ay))
[Bjoreck 1967] MGS O(ux(Ax))
[Giraud, Langou, and Rozloznik 2005] CGS2 O(u)
[Giraud, Langou, and RozloZnik 2005] MGS2 O(u)
[Wilkinson 1965] Householder O(u)

rd
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1
o Xk+1
%41

Xk+1 = TT-rounding(Agak,max_rank = 1) with axy; =

rd
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Xk+1 = TT-rounding(Agak,max_rank = 1) with axy; =

10! 4

10-2 4

10-5 4

10-8

11k = Q Qull2

10-11 4

10-14 |

1 4 7 0 13 16 19
basis size
Figure: Loss of orthogonality for m = 20
TT-vectors of order d = 3 and mode size
n = 15, rounding precision § = 107°

1

o Xk+1
Xkt
e Gram approach
e CGS
o x2(Ax)
O(ur?(Ax))
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Xk+1 = TT-rounding(Agak,max_rank = 1) with axy; = HX—“
k+1

1
Xk41

102 [ MGS
/', ° H(Ak)
O(ur(Ax))
1 4 7 0 13 16 19
basis size
Figure: Loss of orthogonality for m = 20
TT-vectors of order d = 3 and mode size
n = 15, rounding precision § = 107°
V%Y
cea—
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1

o Xk+1
%41

Xk+1 = TT-rounding(Agak,max_rank = 1) with axy; =

10! 4

1072 4 e CGS2

10| e MGS2
;2 ¢ Householder transformation
?‘ 107
= O(u)

10711 4

107144

1 4 7 0 13 16 19
basis size
Figure: Loss of orthogonality for m = 20
TT-vectors of order d = 3 and mode size
n = 15, rounding precision § = 107°
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Xk+1 = TT-rounding(Agak,max_rank = 1) with axy; =

10! 4 e S

3 e MGS
S 100

& e CGS2
1071 e MGS2
10-14 |

1 4 7 0 13 16 19
basis size
Figure: Loss of orthogonality for m = 20
TT-vectors of order d = 3 and mode size
n = 15, rounding precision § = 107°

1
o Xk+1
%41

107 | e Gram approach
pd e CGS

e Householder transformation
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Matrix, theoretical

TT-format, conjecture

Algorithm HHk - Q;QkH ||]Ik - QZQkH
Gram O(ur?(Ax)) O(5K%(Ax))
CGS O(ur?(Ax)) O(5K%(Ax))
MGS O(ur(Ax)) O(dk(Ax))
CGS2 O(v) O(d)
MGS2 O(u) O(d)
Householder O(u) 0(9)
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e Loss of orthogonality bounds for six widely used
orthogonalization kernels appears to hold true when
generalized to TT-format with normwise perturbation

rd
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Data analysis

e Background on Correspondence Analysis
e MultiWay Correspondence Analysis

e A study case: the Malabar dataset

Joint work with A. Franc




d = 4 mode dataset

1st mode of Operational
Taxonomic Units (OTUs)
with size n; = 3539

2nd mode of locations with
size np = 4, namely
Boueel3, Comprian,
Jacquets, Teychan

3rd mode of water column
position with size n3 = 2,
that are pelagic and benthic

4th mode of seasons with
size ng = 4, that are spring,
summer, autumn and
winter

Figure: Aerial tour of the Arcachon
basin, France
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° on © mose1,010
03 - Gouce13 15 pelagic ® mode 2. location
b = Comprian © mode 3, water column posiion
e = e o e
= Teychan
Bebb P pelagic
0.2 b gb b benthic
S, o autumn o
Pb v summer -
0 * . poueers
~ 01 ‘o o
§ §
g g $oring
g o g os Swinter
g oo 0 g °
z H
£ “3\,. oo g o
< N < "
PR p Y, Jeycha
PP benthic,
-02 Compria
acquets
° -05 T g
gummer
-03
00 o1 04 0’ 000 025 05 075 100 125 150 175

o. 3
Principal component 1

Correspondence Analysis on mode 1

Principal component 1

MultiWay Correspondence Analysis

Is it mathematically meaningful to display point clouds
together?
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Correspondence Analysis (CA) is a Principal Component Analysis
(PCA) meant to investigate contingency tables through a specific
norm

v

AecS XeS
change space with isometry

CA SvD

back in the original space

oxvT - v’
v

Geometrical meaning

The h-th Principal Coordinate of the i-th category of the row
variable is the barycentre of the h-th Principal Coordinate of all the
column variable categories

rd
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MW(CA is a Principal Components Analysis of a multiway table
with a specific norm

AcS Y XesS

change space with isometry

MWCA HOSVD

back in the original space

(O, On, U5)C (U1, Uz, Us)C

V_l

rd
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Let A € R™M*mX"3 he an order 3 tensor, then

Tucker format [Tucker 1963]

Mlyeeeyld
A= Z C(a,ﬂ,fy)ugl) ® ugz) ® uﬁf)
a,B,y=1
where C is the core tensor, Uy = [ugk), ceey uﬁf)] is an orthogonal

(nk % ri) matrix with r, = rank(A®)). More compactly
A = (U1, Uy, Us)C

rd
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Let A € R™M*mX"3 he an order 3 tensor, then

Tucker format [Tucker 1963]

Myeeyld
A= Z C(a,ﬁ,fy)ugl) ® ugz) ® uﬁf)
a,B,v7=1
where C is the core tensor, Uy, = [ugk), e uﬁf)] is an orthogonal

(nk x r) matrix with r, = rank(A()). More compactly
A = (U, Uz, U5)C
Tucker decomposition can be computed through the
HOSVD [De Lathauwer, De Moor, and Vandewalle 2000], that
performs a SVD for each matricization
AW =y, v,

and the core tensor is obtained projecting the tensor A in the new
basis, i.e., C = (U], Uy , U5 )A

rd
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Let A be a relative frequencies multiway contingency table, the 1st
mode marginal is a3 € R™ such that

na,n3

ai(i) = Y A(i,j, k)

Jj,k=1

e S’ denotes the Euclidean space R™*™*"s with the inner
product induced by (D, Dy, D3'1), with Dy = diag(+/ax)

e S denotes the Euclidean space R™*™2*M yith the standard
inner product.

The two Euclidean spaces are isometric through v defined as

v:§ =S suchthat  v(A)=(D;*, Dy, D Y)A

rd
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14

AcS Xes
change space with isometry

MWCA HOSVD

back in the original space

(U, Oy, Us)C - (U1, Ua, Us)C
12
Point cloud coordinates in S’ Point cloud coordinates in S
Wi = UZy = D UkEs Y = UcZy

where ¥ are the singular values of X()

rd
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If Zy = D;2Wj, then

Barycentric relation

7y = D2AW(Zy ok 2)(7 BT

where
B; = (I, T, 1, 31)C

with C the core tensor of X = v(A)

Geometrical meaning

The h;-th Principal Coordinate of the i-th category of the 1st
variable is the barycentre of a linear combination of the h-th
Principal Coordinate of all the other two variable categories and
coefficients expressed by B; entries
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lrrzia
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e Water column positions still s g S e
orthogonal, less o
determinant 10

. . . .anueeu

e OTU distribution affected p

) f .
by seasons and locations £ Lo e
too § .
. S oo < gutumn

e Locations and seasons are Jercan -
clustered . oy s

e Correlation between gummer
Seasons and Iocatlons 0.00 0.25 DSOPn"Upalcompc:eO:(‘ 125 1.50 175

MWCA
y d
V2%
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e MultiWay Correspondence Analysis has a geometric nature as
Correspondence Analysis

e The barycentric relation characterizing CA holds also for
MWCA

o MWCA highlights inter-variable interactions

e CA appears more suitable for studying combinations of
categories from different variables

rd
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Conclusion &
perspectives




e Variable accuracy approach for GMRES with componentwise
and normwise J-storage perturbations

e GMRES in TT-format and parameter dependent bounds

e Numerical study of the loss of orthogonality for six widely
used orthogonalization kernels in TT-format

e MultiWay Correspondence Analysis with the Malabar dataset
study case

rd
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https://hal.inria.fr/hal-03776837
https://hal.inria.fr/hal-03776529
https://hal.inria.fr/hal-03850387v1
https://hal.inria.fr/hal-03418404v1

e Variable accuracy approach for GMRES with componentwise
and normwise J-storage perturbations
[Inria RR-9483], joint work with E. Agullo, O. Coulaud,
L. Giraud, G. Marait and N. Schenkels

e GMRES in TT-format and parameter dependent bounds
[Inria RR-9484], joint work with O. Coulaud and L. Giraud

e Numerical study of the loss of orthogonality for six widely
used orthogonalization kernels in TT-format
[Inria RR-9491], joint work with O. Coulaud and L. Giraud

e MultiWay Correspondence Analysis with the Malabar dataset
study case
[Inria RR-9429], joint work with O. Coulaud and A. Franc

rd
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https://hal.inria.fr/hal-03776837
https://hal.inria.fr/hal-03776529
https://hal.inria.fr/hal-03850387v1
https://hal.inria.fr/hal-03418404v1

e Numerical linear algebra

> Theoretical proof for the normwise J-storage (for future
work)

> Implementation of TT-GMRES with the Householder
kernel
> Study of preconditioner for the tensor case

e Data analysis
> Statistical interpretation of MultiWay Correspondence
Analysis results
> Combination of isometry and Canonical Polyadic
decomposition
> New visualization techniques

rd
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Thanks for the attention.

Questions?




Definition of normwise backward error

nas(x) = min {r >0+ ||AA] < /Al |Abl] < 7/[bl] and

(A+ AA)xe = b+ A}
(A b
AT x| + {161

If M is a preconditioner, the previous stopping criterion gets

|AMt, — b|

and Xk = Mty.
[[AMI ][ t[| + [[b]|

nam,b(tk) =

Another possible one based just on the right-hand side is
nb(Xk) Ar})’lgb{T > 0:||Ab|| < 7||b|| and Axx = b+ Ab}

_ [[Ax— b
15]
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© © N o A W N

11
12

13
14
15

ay,...,84 = TT-rounding((ay, . ... ay), 9)

Input: a; € Ri-1%"*"i for every j € {1,...,d}, § € Ry
5 = 5 lal
fori=d,...,2do
A; = matricize(a;, mode = 1)
Qi R = Qr(AT)
a; = reshape(Q/, [ri_1, ni, ri])
a_;=a;_;x3R"
end
so=1
fori=1,...,d —1do

A; = matricize(a;, mode = 3)
U, %, Vi = T-svD(AT, &)
4, = reshape(LA/,-7 [si—1, ni, si]) with s; equal to the number
of columns of U,-
Q41 = Ai41 X1 (ii\A/iT)
end
a,=ay
Output: a;,...,3,




TT-GMRES
Convergence history, N = 64
—— 6=1e3
—e— 6=1e5
1071 —— 6=1e8
1073
2
&
107°
1077
0 20 40 60 80

iteration

e Rounding precision § constant

e Backward stable stopping
criterion

TT-GMRES vs relaxed TT-GMRES from [Dolgov 2013

relaxed TT-GMRES

6=1e-3 relaxed
—— 5=1e-3
% 6=1e-5 relaxed
—e— 6=1e-5
6=1e- 8 relaxed
—— 5=1e-8

0 20 40 60 80 100
iteration

Rounding precision § increases

with the iterations

Stopping criterion based on the

least square residual
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M= Z ckexp(—tAr) @ - - @ exp(—tAq)

from the approximation of inverse of A4 [Hackbusch and
Khoromskij 2006a,b]

—— q=2
10° 10° — q=8
—— q=16
s q=32
1072 1072 \._‘_’_;ij‘l
2107 21074
< S e e
1071 107 \'
|
|
10-¢ | 1004 |
[ 10 20 30 40 50 0 10 20 30 40 50
iteration iteration
Convergence history for 7 = 1072 Convergence history for 7 = 1078
and rounding § = 107° and rounding § = 10~°
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M= Z ckexp(—tAr) @ - - @ exp(—tAq)

from the approximation of inverse of A4 [Hackbusch and
Khoromskij 2006a,b]

—*— q=2 —— q=2 |
60-+q=8 60 —+-q=8 | i
—— q=16 —— q=16 |
s0] * a=32 s0f = a=32 |
—*— q=64 —e— q=64 |
€ 404 £ 40 [
E E
E 30 E30
g £
204 20
104 10
0 0
0 10 20 30 40 50 0 10 20 30 40 50
iteration iteration
Maximal TT-rank of the last Maximal TT-rank of the last
Krylov vector for 7 = 1072 Krylov vector for 7 = 1078
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Let A= [a1,...,am], then we look for A= QR with QT Q =1,
compute the Gram matrix

ATA=(RTQT)QR=R'R

this is (almost) the Cholesky factorization of AT A that can be

written as
ATA=RTR=1LL"

with the Cholesky factor L = RT and then Q gets

Q=ART1=A(LT)!




Q. R = Gram(A4, 9)

Input: A={a1,...,am}, 0 € R,

A=Ja1,...,ad]
G=ATA
L = cholesky(G)

fori=1,...,mdo

S s W=

7 end

Output: Q ={qi,...

Q= A(LT)_1 =[q1,.--

, 9d]

‘ gi = d-storage(q;)

k) qm}’ R

In TT-format the following
modifications occur

e G(i,j) is the scalar product
of a; and a;

e The inverse of LT is
explicitly computed

e (; is constructed as a linear
combination of A elements

e TT-rounding is used to
compress at precision &
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cost in fp operations

cost in TT-rounding

Gram

CGS

MGS

CGS2

MGS2
Householder

O(2nm?)
O(2nm?)
O(2nm?)
O(4nm?)
O(4nm?)
O(2nm? —2m3/3)

m
m
m

2m

2m
4dm

Ceeie
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# orthogonalization as x-axis

1071 5

scaled residual

10-5 4

—— Householder
—o— MGS
~&— MGS2
—A— CGS
—A— CGS2
—#— GRAM

0

500

1000 1500 2000 2500 3000
orthgonalizations

scaled residual

# TT-rounding as x-axis

107!

,_.
2

1074

10°°

—— Householder
—e— MGS

~&— MGS2

—&— CGS

—A— CGS2

—+— GRAM

-=- 6=1e-05

2000 4000 6000 8000 10000 12000
TT-rounding

Figure: Residual envelope for m = 7 TT-eigenpairs of order d = 3 with mode
size n = [19,24,31] and rounding precision § = 107>,
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# orthogonalization as x-axis

—— Householder
—o— MGS
101 —o— MGS2
—A— CGS
—#— CGS2
—#— GRAM
= 1072 4 -—- 6=1e-05
3
B
2
810
]
@
107
107° 5

0 200 400 600 800 1000 1200 1400
orthgonalizations

# TT-rounding as x-axis

107t

H
2

scaled residual
=
2

1074

10°°

—— Householder
—e— MGS
~&— MGS2
—&— CGS
—A— CGS2
—+— GRAM
6=1e-05

0 1000

2000

3000 4000 5000 6000
TT-rounding

Figure: Residual envelope for m = 7 TT-eigenpairs of order d = 3 with mode
size n = [24,24,24] and rounding precision § = 107>,
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Let A be a contingency table with relative frequencies, the row and
ar and column marginals ac are

ar(i) =Y A(ij) and  ac(j) =Y A(ij).
j=1

i=1

S’ denotes the Euclidean space R™*" with the inner product
induced by D5' and D! such that

Dgr = diag(y/ar) and D¢ = diag(v/ac),

S denotes the Euclidean space R™*" with the standard inner
product

The two Euclidean spaces are isometric through v defined as

v:8 -8 such that v(A) = D' AD.!
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14

AcS XeS
change space with isometry
CA SVD
back in the original space
oxv? - usv’
v
Point cloud coordinates in S’ Point cloud coordinates in S
Wig = UL = DRUT Yr = UL
We = VE = DcVE Yc=VL

Barycentric relation [Lebart, 1982]
Zr = DR?AZcr™r  and  Zc =D AT Zgr?
with Z; = D °W,
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with o}, the h-th singular value and p; € R such that

Jj=1

= k(i) ar(i)
Geometrical meaning
The h-th Principal Coordinate of the j-th category of the row
variable is the barycentre of the h-th Principal Coordinate of all the
column variable categories
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